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FOREWORD 


For  applications  where  uniform  transverse  magnetic  field  Is  required  over 
a  substantial  distance,  the  use  of  dipole  magnets  can  be  quite  cumbersome.  In 
this  Illustrative  article,  we  present  a  simple  technique  to  achieve  a  uniform 
and  uniaxial  transverse  magnetic  field  Inside  a  long  cylinder,  which  can  be 
easily  carried  out. 
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The  steering  or  bending  of  charged  particle  beams  has  normally  been 
accomplished  by  the  use  of  a  uniform  magnetic  field  applied  transversly  to  the 
plane  of  beam  propagation.  In  the  past  this  transverse  magnetic  field  has 
been  obtained  by  the  use  of  dipole  magnets.  While  this  arrangement  Is 
advantageous  when  the  applied  field  Is  required  for  only  a  short  distance*  as 
In  beam  steering*  It  Is  often  cumbersome*  for  certain  applications*  when  a 
uniform  transverse  magnetic  field  Is  required  over  a  long  distance. 

In  this  article*  we  show  that  a  uniform  transverse  magnetic  field  can  be 
created  Inside  a  long  cylinder  of  radius  a  with  currents  running  along  the 
tube  distributed  as  1(6)  ■  I  sine*  as  shown  In  Figure  1.  In  this 

III 

arrangement*  It  Is  demonstrated  that  the  magnetic  field  Inside  the  tube  can  be 
expressed  as: 


(1) 


To  Illustrate  this  fact,  we  start  out  with  Ampere's  law 


7  *  8  ■ 


(2) 


where  B  ■  7  *  A 


J 


-S-  sine  6(r  -  a)  z. 

a 


Due  to  the  symmetry  of  the  problem  at  hand*  It  Is  obvious  that  the  vector 
♦ 

potential  A  has  only  the  z  component  and  Is  Independent  of  z*  I.e. 
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z  A^(r,e). 


Therefore,  the  Ampere's  law  can  be  written  In  cylindrical  coordinates  as 


bA. 


*  O  i  \  i 

7  m 


1  6  ^  I  *  *Z  - 


sine  6(r  -  a). 


For  r  #  a.  this  equation  can  readily  be  solved  by  separation  of  variables 
1  .e* 


A^  -  R(r)  •($). 


Substitute  this  In  equation  (4)  we  then  obtain,  except  at  r  >  a 


r 


2  d^R 

“T 

dr^ 


m^R  »  0. 


Ill  •  0.  t  1.  t  2.  ... 


These  equations  In  turn  give  us  the  following  solutions 


®(0)  « 
R{r)  - 


sln(me). 
cos (me). 


However,  symmetry  requires  that  «(e)  ■  -  «(*e).  As  a  result,  we  choose 
9(e)  >  sln(me)  and  the  general  form  of  Aj  can  be  written  as 


Aj(r.e) 


bjijr"  sln(me). 
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where  the  coefficients  are  constant  to  be  determined. 

To  complete  the  evaluation  of  the  coefficients  b„,  we  separate  the 
problem  into  2  cases:  inside  of  tube  and  outside  of  tube. 

Inside  of  tube:  In  this  case,  since  must  be  finite  at  r  »  0, 
therefore  we  require  m  >  0.  Then  the  vector  potential  inside  the  tube 
reduces  to 


aI  (r.e)  -  I  bir"  sin(m0). 
^  m  •  0 


The  radial  and  angular  components  of  the  magnetic  field  can  be  written  as 


Bj(r.e)  ■  (»  «  A')r  ■  7  sr  ■  I 

in  •  i 


i  _m-l 


(r.9)  -  (7  «  a').  -  -  •  -  !  .  »bl  r"‘*  Sln{m9). 


’0  br 


m  «  1 


In  order  to  calculate  the  coefficients  bj^,  we  set  0  ■  0,  and 
compare  Bj(r,  0-0)  with  (x  -  O.y),  which  we  are  presently  calculating. 
The  azimuthal  field  generated  by  an  infinitely  long  wire  with  current  I 


can  be  written  as 


’  Hr- 


This  fact,  together  with  Figure  2,  gives  us  the  physical  basis  for  the 
following  equation: 


.«i/«  \  _  asine 

■  - - -  X  - - - 


a  ♦  y  -  2qy  cos0 


r 


3 


i 


••c 

5 

I 

f. 
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where  dBy{0,y)  is  the  contribution  to  the  8^  field  at  (x,y) 
equatorial  plane  from  the  current  element  1(9).  Since  1(0) 
therefore  write 


(0,y)  on  the 
1.  sine,  we  can 

HI 


t  asiri 

8„(i>.y)  •  TT  K  T—T 


2* 


asin  0  de 


(13) 


0  a  +  y  -  2qy  cose 

Using  a  change  of  variable  z  ■  cose,  and  defining  p 
the  integral  in  equation  (13)  can  be  rewritten  as 


-  (a^  ♦  y^)/24y,  then 


,1-  1 


1  -  z‘ 


8y(0,y)  »  -  2  ♦  p 


dz. 


(14) 


After  straightforward  algebra,  the  above  integral  can  be  found  to  give  the 
following  result 


Bj(0,y)  -  -  ^  [p  ♦  (P*  -1)*^*]  • 


Comparing  B^(r  ■  y,  9*0)  with  By(0,y),  we  finally  obtain 


for  m  ■  1, 


(15) 


m 


for  m  >  2. 


(16) 


Thus,  the  cylindrical  components  of  the  magnetic  field  inside  the  tube  can 
readily  be  written  as 


B^(r,e) 


B^Q(r,e)  • 


“O^m 


cose. 


sinOm 


(17) 


NSWC  MP  85-466 


Equivalently,  the  magnetic  field  Inside  the  tube  can  be  expressed  In 
Cartesian  coordinates  as: 


B^Cx.y)  ■  sine  +  B.  cos0  ■  0, 
A  r  0 

By(x.y)  *  Bp  cose  -  Bq  sine  « 


(18) 


which  clearly  shows  that  the  field  Inside  the  cylinder  Is  uniform  and  uniaxial 
as  we  expect 

Outside  of  tube:  In  this  case,  the  vector  potential  can  be  written  as 


so  that  A®  -»•  0  as  r  ♦  In  order  to  evaluate  the  coefficient  c„,  we  use  the 
appropriate  boundary  conditions  at  r  ■  a,  that  Is  must  be  continuous  at 
r  *  a,  I.e. 


A°(a,e)  «  Ai(a,e), 


or 


i  i,»  liaisai .  aia  sin». 

nil  "  •"  ^ 


From  the  above  equation,  we  obtain: 

for  n  .  1, 

for  n  >  2, 


(20) 


(21) 


S 
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and  the  vector  potential  can  noM  be  explicitly  written  as 


A{r,e) 


rsine 


for  r  <  a. 


for  r  >  a. 


It  is  important  to  note  here  that  the  vector  potential  above  also  satisfies 


the  Jump  condition  at  r  ■  a,  i.e. 


bA,  aA_ 

r  ■  a  r  ■  a 


which  has  been  obtained  by  Integrating  equation  (4)  across  the  boundary. 

The  magnetic  field  outside  the  tube  can  now  be  expressed  in  cylindrical 
coordinates  as: 


B°(r,0) 


i!S-i:oVcose 


Bj(r.9) 


sine. 


or  equivalently  in  terms  of  Cartesian  coordinates  as: 


B°(x,y) 


j?  -  y2 


(x^  ♦  y^) 


■-•.•-'tv 
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Equations  (18)  and  (24)  form  the  main  result  of  this  article,  which 
clearly  shows  that  a  uniform  transverse  magnetic  field  can  be  created  .inside  a 
long  cylinder,  if  the  current  wires  running  axially  along  the  tube  are 
distributed  as  I(x,y)  ■ 


NSWC  MP  85-466 


i 

i 

u 

I 

i 

j 


CURRENT  INTO  PAGE 
CURRENT  OUT  OF  PAGE 


y 

!  FIGURE  1. 


GEOMETRY  OF  THE  SETUP  WITH  CURRENTS  RUNNING  ALONG 
Z  DIRECTION 
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